ABSTRACT. The Cauchy-type integral having a Lipschitz-continuous density is under investigation. It is considered in a Jordan region that has a piecewise regular boundary without cusps and therefore it can be continuously extended over the closure of the region. Then the boundary values form a function, whose modulus of continuity is to be estimated. One parameter-dependent estimate is obtained and one algorithm for its evaluating is developed. The algorithm is demonstrated on some examples.
Introduction
The main objectives of this paper are to obtain a similar estimate to (1) , to precisly describe the appropriate upper bound evaluation and to demonstrate it on some examples.
Although it is focused on Lipschitz-continuous functions, that are rather particular, any evaluatable estimate that is similar to the one obtained in this paper can be useful for anyone who is interested in approximating with Cauchytype integrals. Actually, author found it necessary to evaluate the upper bound of the approximation error of the complex variable boundary element method (CVBEM, [12, 13] ) within that a Cauchy-type integral having a piecewise linear density (that is obviously Lipschitz-continuous) is the approximant. By the way, this is the reason why we aim to the estimate can be evaluated.
In what follows, the symbol ω g denotes the modulus of continuity of a function g : M → C, where M is a nonempty subset of C, i.e. the function ω g (x) := sup |g(z) − g(w)| : |z − w| ≤ x; z, w ∈ M , x>0.
Remark 1º
We shall make use of the familiar facts that the modulus of continuity is a nondecreasing function and that 
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Paths
The term path denotes a continuous mapping of a compact nondegenerate interval to C. Let us consider a path γ : α, β → C. We denote
[γ] = {γ(t) : α ≤ t ≤ β} and call [γ] the image of the path γ.
If γ(α) = γ(β), then γ is closed and can be identified with its T -periodic extension which is defined on the whole real axis.
If γ is closed and
then γ is a Jordan path and the open set C \ [γ] has exactly two components. We denote the bounded component by Ω. If γ is a Jordan path and Ω remains on the left side by running of ζ along γ (i.e., by following ζ = γ(t) while t is increasing from α to β), then γ is positively oriented. The path γ is piecewise regular if there exist a natural number n and a sequence {τ j } n j=0 such that α = τ 0 < τ 1 < · · · < τ n = β
and that the derivative γ of the mapping γ is continuous and nonzero in every interval τ j , τ j+1 with j ∈ {0, . . . , n − 1}. The sequence {τ j } n−1 j=0 can be extended to a collection {τ k : k ∈ Z} by defining τ k := τ j + pT whenever 0 ≤ j ≤ n − 1 and
If γ is piecewise regular and f :
is the integral from the function f along the path γ. It is known that
where ∆ γ arg(ζ − z) is the increase of the argument of the expression ζ − z by running of ζ along γ. Let γ be closed and piecewise regular. Then the derivative γ of the mapping γ is continuous and nonzero in every interval τ k , τ k+1 , where k ∈ Z, and
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Further, any restriction of the mapping γ to a compact nondegenerate interval is a piecewise regular path and
whenever c ∈ R, c < d < c + T and f : [γ] → C is a continuous function. γ is a path without cusps if
where γ + (t) and γ − (t) are the derivatives on the right and left of γ at the point t.
The path Γ
The symbol Γ denotes a positively oriented Jordan piecewise regular path without cusps in this work, and the notations
have the same sense for Γ, as they have for the path γ in the foregoing section.
The following passage finished by the proof of Lemma 3 has already been used in [14] . It contains only auxiliary facts. However, we place it here for the sake of completness.
Let us introduce the function
Ä ÑÑ 1º r is uniformly continuous on 0, 
The function f is uniformly continuous on the set M and
Thus, it is proved that
Then, taking into account Remark 1, we have that r is uniformly continuous on 0,
The function r is nonnegative. Let r(s) = 0. According to (5) , there exist t, t ∈ R such that Γ(t) = Γ(t ) and |t − t | = s. It follows s = 0 because Γ is a Jordan path. Therefore r is positive in 0,
Let us consider t ∈ R and introduce
where s t means an arbitrary solution of the problem
Then the geometrical meaning of |Γ • (t)| is the distance of the line segment, which has the endpoints Γ − (t), Γ + (t), from the origin. Since Γ has no cusps, the origin does not belong to this line segment, and thus |Γ
whence especially |Γ
is T -periodic and obviously
Inequality (7) implies that there exists a positive number
Then we define
We denote by Q the set of all positive numbers q for which there exists δ ∈ 0,
is uniformly continuous on τ k , τ k+1 . Thus, if we take into account Remark 1, the function ω : 0, +∞) → 0, +∞) defined by
for all s ∈ 0, +∞), is nondecreasing and
Now we prove the inclusion (0, v
We put
whence, by virtue of (7), it follows that
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If t < τ k , then τ k−1 < t < τ k < t < τ k+1 and it holds that
whence, by virtue of (6), it follows that
In analogy to this, the same result can be obtained with 0 < t − t ≤ δ and it is evidently valid for t = t . It yields
which is equivalent to (9) if we take into account (5) . We see that q ∈ Q. In order to prove the inclusion Q ⊆ (0, v * we prove the following equivalent assertion:
If q ≤ 0, then q ∈ Q holds trivially. Let now q > v * and let us prove that
which is equivalent to the condition q ∈ Q if we take into account (5). There exists ε > 0 such that v * + ε < q and, according to (10) , there exists δ 1 > 0 such that ω(δ 1 ) < ε. We denote by t * arbitrary real number satisfying |Γ
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Then τ k < t < t ≤ τ k+1 and there holds (11) , whence, by virtue of (8), it follows that
and there holds (12) where
Consequently,
The proof of (13) and thus the whole proof is finished.
P r o o f. The set Q is nonempty by Lemma 2. Let us consider an arbitrary q ∈ Q. Then there exists δ ∈ 0, T 2 satisfying (9) and, according to Lemma 1, there exists the positive number
q . Now let ∆ ∈ (0,∆ . Then for every t, t ∈ R from (9) and (5) there follows (14) ,
The last two implications yield (15).
We introduce the set
. Then the following conditions are equivalent:
Moreover, considering q ∈ (0, +∞) such that [∆, q] ∈ M and taking into account (5), (15) we obtain
what means that
≥ q and thus (ii) holds. The proof of the implication (ii) =⇒ (i) is trivial.
Let us define
From (3) and T -periodicity of Γ we obtain
Let us introduce the functions
where Γ t,s = Γ| t+s,t−s+T . From (2) and T -periodicity of Γ it follows that
In Examples 1-3 we express the functions r, A , B, J or their upper bounds for some elementary paths Γ. Moreover, we verify the condition (i) from Lemma 4. For this purpose it is sufficient to show that
if we take into account (5). These properties are required in Section 6.
Example 1. We consider the path Γ defined by
and we use the notation (UC) for this path. Then T = 2π and [Γ] is the unit circle. As |Γ (t)| = 1 for every t ∈ R, we obtain V = 1. As
and thus ∆,
The boundary of a simple regular polygon
In this section we assume that a, w are some different complex numbers, n is a natural number not less than 3 and that
for every k ∈ Z. Then T = n and [Γ] is the boundary of the simple regular polygon Ω ∪ [Γ] which has the vertices w 0 , . . . , w n−1 . As
for k ∈ Z, we obtain
P r o o f. Let us suppose that a = 0 and w = 1 without loss of generality. There exist j, k ∈ Z such that
Then by (18) it holds that
For every k ∈ Z let us introduce the function
If we apply (18), we obtain
P r o o f. Clearly, the function t → |Γ(t) − Γ(t + s)| is T -periodic, and it is also 1-periodic by Lemma 5. Then
whence, according to (19), we obtain
and the sets
Example 2. Under the assumptions n = 3, a = 
If s ∈ R, then the function 
If s ∈ 1,
Summary,
and thus ∆ ,
Since 0, 1 × 0, 
whence, according to (17), it follows that In analogy to Example 2, we obtain the following results:
If ∆ ∈ (0, 2 , then ∆,
Finally,
The boundary behavior of the Cauchy-type integral having a Lipschitz-continuous density
Ä ÑÑ
7º A function l : [Γ] → C is Lipschitz-continuous if and only if there exists
by virtue of (16) and hence
let us suppose that t < t without loss of generality), then there exist a natural number p and a sequence {d
and we have 
Since |Γ(t) − Γ(t )| < q∆, from (15) it follows that |t − t | < ∆. Then
by (22) and (14), and thus l is Lipschitz-continuous.
The following theorem resumes some familiar facts about Cauchy-type integrals, including one of Sokhotsky-Plemelj formulas. The proof can be found in any monography on complex functions (e.g. [1] [2] [3] ).
is holomorphic in Ω and continuous on
The main assertion of this article follows: 
Let A(∆), B(∆), J(∆) be numbers satisfying
If t, t ∈ R and
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P r o o f. Let t, t ∈ R and (29) hold. (23) yields
Let us denote
Then, according to (4),
where
dζ, (14) and (22), there follows
Let us denote
If we take into account (16) and T -periodicity of Γ, we have
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First, applying (14) and (22) again, we obtain
, then
by (16), (15) and (29), whence
due to (22). Now, taking into account (26) and (27), we obtain
From (22) and (28), there follows
By (30), (31) and (22) it holds that
what completes the proof, if we take into account the estimates for |I 1 |, |I 2 |, |I 3 |.
Remark 2º
The value of the expression 2λ + 
by Theorem 2. It yields the required inequality. 
The algorithm (A)
In this section we propose an algorithm that is based on Theorem 3. If δ ∈ 0, T 2 is given, the aim of the algorithm is to evaluate a suitable estimate for ω f •Γ (δ).
Suppositions
We suppose that I. for the considered path Γ the values of T and V are known as well as the explicit prescription I r of the function r, and ∆ , 
Appointment
By the reasons mentioned in Remark 2 we consider
whenever∆ ∈ 0, 
Remark 3º Let a, b be some different complex numbers and let L :
Ò Ø ÓÒ 1º Let γ be a path. We say that a function l :
Ò Ø ÓÒ 2º Let m be a natural number not less than 2. We say that a sequence P = {Γ j } m−1 j=0 is a partition of the path Γ if there exists a sequence
and that Γ j = Γ| t j ,t j+1 for every j ∈ {0, . . . , m − 1}. We denote 
whence, according to Remark 3,
Consequently, if t, t ∈ t j , t j+1 , we obtain
Without loss of generality, let us suppose that j < k. Then, by virtue of (37),
|l(Γ(t)) − l(Γ(t ))|
≤ |l(Γ(t)) − l(Γ(t
If we take into account T -periodicity of Γ now, we see that (22) holds and thus, refering to Lemma 7, the proof is completed.
On the space of continuous functions with compact support M ⊂ C, we consider the norm ||f || M = max |f (z)| : z ∈ M . 
Conclusion and perspectives
The Cauchy-type integral having a Lipschitz-continuous density is considered on the interior of a Jordan piecewise regular curve without cusps, and the boundary values of its continuous extension f are investigated. The parametrization Γ for the boundary is introduced and its properties, that are essential for further estimating, are refered in Section 3.
One result, that is an alternative to the special case of classical Privalov theorem, is presented by Theorem 2. It is necessary to know some constants and estimates related to the mapping Γ in order to apply Theorem 2. They are derived in the case of the unit circle, the boundary of an equilateral triangle and the boundary of a square in Examples 1-3. In Section 4, the discussion is opened how to proceed in the case of the boundaries of other simple regular polygons. Theorem 3, that is based on Theorem 2, provides an expression for the upper bound of the modulus of continuity of the composition f • Γ. The expression depends on four parameters. The algorithm (A) allows to select some suitable parameters values and to evaluate the corresponding expression. It is applicated in the case of the above mentioned boundaries within Example 4.
Since a piecewise linear density is Lipschitz-continuous (by Lemma 8) , and the Cauchy-type integral having a piecewise linear density is frequently used as an approximant (e. g. in CVBEM), the presented results can be helpful by estimating of the approximation error (Theorem 4). A contribution to this topic is in preparing.
Although it is not an easy matter to look for the proposed estimate, the author is convinced that no other evaluatable estimate of this kind was published up to now and welcomes any other usable results in this area.
